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1. Kelly throws a tetrahedral die » times and records the number on which it lands for
each throw.

She calculates the expected frequency for each number to be 43 if the die was unbiased.

The table below shows three of the frequencies Kelly records but the fourth one is missing.

Number 1 2 3 4

Frequency 47 34 36 X

(a) Show that x =55

1)
Kelly wishes to test, at the 5% level of significance, whether or not there is evidence
that the tetrahedral die is unbiased.
(b) Explain why there are 3 degrees of freedom for this test.
(1)
(c) Stating your hypotheses clearly and the critical value used, carry out the test.
5)
(a) 1} the die is unbiased, %: 43 Since each of the 4 outcomes should occour the same amount
of times.
n=132

x=132-43-34-36

=55 hence shown

(b) We have 4 columns and only 4 constraint, that the totals need to ogree.
svz=4-1=3  dof.

(<) Ho: The die is wibiased
H,.The die is biased

Use to get our test statistic
143 34% 36 sst g3

x a3 +4.—3 +4—; "E -
- 6.}4

(et the from

-x;(sz) =3 815

Compare x* and critical volue: 6.344 <3.815.

Our x? is smaller than the critical value, :. does nat fallin the critical region, Insufficient evidence to
reject H,, the die is unbiased,
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Question 1 continued

(Total for Question 1 is 7 marks)
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On a weekday, a garage receives telephone calls randomly, at a mean rate of 1.25 per
10 minutes.

(a) Show that the probability that on a weekday at least 2 calls are received by the
garage in a 30-minute period is 0.888 to 3 decimal places.

2)

(b) Calculate the probability that at least 2 calls are received by the garage in fewer than
4 out of 6 randomly selected, non-overlapping 30-minute periods on a weekday.

()

The manager of the garage randomly selects 150 non-overlapping 30-minute periods
on weekdays.
She records the number of calls received in each of these 30-minute periods.

(c) Using a Poisson approximation show that the probability of the manager finding at
least 3 of these 30-minute periods when exactly 8 calls are received by the garage is
0.664 to 3 significant figures.

(C))

(d) Explain why the Poisson approximation may be reasonable in this case.

(1

The manager of the garage decides to test whether the number of calls received on a
Saturday is different from the number of calls received on a weekday. She selects a
Saturday at random and records the number of telephone calls received by the garage in
the first 4 hours.

(e) Write down the hypotheses for this test.
1)

The manager found that there had been 40 telephone calls received by the garage in the
first 4 hours.

(f) Carry out the test using a 5% level of significance.

4)
(a) Rate for 10min.= 1.25 alls.

Rofe for 30min, = 3x1.25 =3.35 calls.

C = &of calls in 30 minutes define variable

C~Po(3.35) MI

PCC22)=0.88829...=2 0.888 to 3dp hence shown Al

(b) We need tg use binomial for this:

X-2 Hof periods with at least 2 calls define varioble
X~ B(6,0.888) M1
P(X <4) = P(x¢3)

= 0.02163 > 0.0216 to 3sf A

P 6 6 7 9 9 A 0 4 2 4
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Question 2 continued
(use (~Po(3.45) to get the probability of 8 calls in 30min.
P(c=8)=0.02281
E - Hof periods with exactly 8 calls.
E~8(150, 0.02281)
Singg Wis Yig and @ is small, we can wse poissen approximation
find 7:
A= 150%0.02281 = 3.4215
E~Po(3 421)
P(E%3)= 1-P(E£2)
= 0.664

(d) The number of periods is ‘large and the probability of recewing 8 calls in 30min is small.

(e) {10min - 1.25 calls
4h = 24min — 30 calls=4
Hypotheses
by A=30
Hy: A430

(§) W= #of calls in 4hours on o Saturday
W~ Po (30)

P(W 2 40)= 1- P(Ws39)
= 0.04615 > 0.025

So 40 does ot fallin the critical region, inSufficient evidence to reject 4o and to Suggest that the
roke of calls on Saturday is diggevent than on weekdays.

RN 00O 0 O 5
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Question 2 continued
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Question 2 continued

(Total for Question 2 is 14 marks)
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3. A courier delivers parcels. The random variable X represents the number of parcels
delivered successfully each day by the courier where X ~ B (400, 0.64)

A random sample X, X, ... X|  is taken.

100

Estimate the probability that the mean number of parcels delivered each day by the
courier is greater than 257

4
X~ B(400,0.064)
_For Binoriol, the [ormulo or expected value and varance is:
nxp-— ility
) .
sample Size
!m[‘:X): np“-p) P!ﬂbﬁbﬂibu
T - '
sample Size
= R = =

= -0.64)=0926=0"

- Plug the found p and 6¢* into CLT:

- X a~N(256,.09216) in your Caludator enter 5=§6.§iih MiaL
—

P(X>253) = 0.1492 <M1

L>@:14q0€0'355 probobility that the mean ¢ of paveels is Laeger than 253

M
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Question 3 continued

(Total for Question 3 is 4 marks)
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4.

10

Members of a photographic group may enter a maximum of 5 photographs into a
members only competition.

Past experience has shown that the number of photographs, N, entered by a member
follows the probability distribution shown below.

n 0 1 2 3 4 5
P(N=n) | a 02 | 0.05 | 0.25 b c
. 1
Given that E(4N +2) = 14.8 and P(N=5|N > 2) = )

(a) show that Var(N) = 2.76
(6)

The group decided to charge a 50p entry fee for the first photograph entered and then 20p
for each extra photograph entered into the competition up to a maximum of £1 per person.
Thus a member who enters 3 photographs pays 90p and a member who enters 4 or 5
photographs just pays £1

Assuming that the probability distribution for the number of photographs entered by a
member is unchanged,

(b) calculate the expected entry fee per member.

3)
Bai suggests that, as the mean and variance are close, a Poisson distribution could be
used to model the number of photographs entered by a member next year.
(c) State a limitation of the Poisson distribution in this case.

1)

P 6 6 7 9 9 A0 1 0 2 4
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Question 4 continued

(@) Use E(4N+2)=14.8
4E(N)+2:14 .8 E(aXth)=a€(X)+b
4E(N)=12.8

E(N)=3.2
for ond
E(X)=TxP(Xx=%)

E(x*)= Tx*PCx=x)

var (x) = Etxt-[Ex)

E(N)=3.2= gxa+1x0.2+ 220.06+3%0.25+4xh+ 5xC
3.2=0.2+0.1+0.35+4b+ 5S¢
3.2=1.056+4b+Sc
2.15:=4b+ 5S¢

Now use P(N=SIN>2)=

PIN=SIN>2)= P(N=5) c

1
2
= =0.6

PIN>2) 0.25¢h+C

D 2c=0.25+bsc
c-b=0.25 &
usly €qi &
2.15=4b+ 5¢  climination method
c-b=0.25 1x4l 1=-4b+4c*
3.45=qc

€:0.35, b= 0\ vawesof b and ¢
We need E(N®) to get Var(N):

E(N?)=1%% 0.2 +2220.06 + 3*x 0.25 +42%0.4 +5+0.35
= 0.2+¢4x%0.05+9%0.25¢16 x0.4 + 25 %0.3$
=13
Var (M: €t -[Eon’
= 13- 32
: 2.36 hence shown

cb) | fee [0 |50 |30 {90 [100]100
PtN=n)| a |0.2]0.05 [0.25 0.2 |0.35

E(fee) = 520.2+30%0.05£90%0.25 ¢ 100 %0.2¢100%035
=8lp> expected entny fee per peran

P 6 6 7 9 9 A 0 1 1 2 4
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 10 marks)
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5. Asha, Davinda and Jerry each have a bag containing a large number of counters, some
of which are white and the rest are red.
Each person draws counters from their bag one at a time, notes the colour of the counter
and returns it to their bag.

The probability of Asha getting a red counter on any one draw is 0.07

(a) Find the probability that Asha will draw at least 3 white counters before a red
counter is drawn.

(b) Find the probability that Asha gets a red counter for the second time on her 9th draw.

The probability of Davinda getting a red counter on any one draw is p.
Davinda draws counters until she gets n red counters. The random variable D is the
number of counters Davinda draws.

Given that the mean and the standard deviation of D are 4400 and 660 respectively,

(c) find the value of p.

Jerry believes that his bag contains a smaller proportion of red counters than Asha’s bag.
To test his belief, Jerry draws counters from his bag until he gets a red counter. Jerry
defines the random variable J to be the number of counters drawn up to and including
the first red counter.

(d) Stating your hypotheses clearly and using a 10% level of significance, find the
critical region for this test.

Jerry gets a red counter for the first time on his 34th draw.

(e) Giving a reason for your answer, state whether or not there is evidence that Jerry’s
bag contains a smaller proportion of red counters than Asha’s bag.

Given that the probability of Jerry getting a red counter on any one draw is 0.011

(f) show that the power of the test is 0.702 to 3 significant figures.

(a) _(seometric
P(at least 3 mhih‘:)=(1-0.0-‘:)3 M1

£ 0.8043-> 0.804 o 3sf A

tb)_Neqabwe Binamiol
P(2* red on 4t draw) = (3] 003ha.0t w1y

= 0.02358 —0.0236 to 3sf A

14

P 6 6 7 9 9 A 0 1 4 2 4
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Question 5 continued

(c) D~NB(n,p)
for Neg.Binomial from
and

0. 4400 n0-» - g60%

P p?

h=4400p 4400001 -p) - 435400
p‘l

-for P
pQ-P)_ 435600
pT 4306

=P =99

P
I-p=99p
A=100p, p=0.01

(d) ypoths

Hy: p=0.04

H,:p<0.0%

1> #of draws when Jerry gets a red counter

I~ @eo(0.01)

P(12¢)<0.1

(1-0.01)""" < 0.1

0.93" < 04
(c-1) 10 0.9 < log0.4
c-1210904 5 (510900 . ¢332.72...

) /109093 log 0.93 . :

Hlip inequality as lag0.93< round up to next Integer ¢ ic is_discrete

.. crik. region—> 7233

(€) 34 >33 - Jall§ in critical region. There iS sufficient evidence to reject o and to suggest that Jerry’s
bag has & smaller proportion of ved counters than Asha's.

)
is the ol using the ».Plin crit. region| p=actual)
P(72331p=0.0m)= (1-0.011)°
= 0.3019 -.0.302 to 3¢

15
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Question 5 continued
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Question 5 continued

(Total for Question 5 is 18 marks)
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6.

(a)

(b)

(0

18

The probability generating function of the random variable X is
G, () = k(1 + 2ty
where £ is a constant.

1
(a) Show that k= —
243

(b) Find P(X'=2)
(c) Find the probability generating function of W =2X+3

The probability generating function of the random variable Y is

t(1+ 21)?

Gy(t) = 9

Given that X and Y are independent,

(d) find the probability generating function of U =X+ Y in its simplest form.

(e) Use calculus to find the value of Var(U)

We know that (,(1)=1 W1

1= ko +200)°

1= k(3)’

@@= hence shown A}
243

P(x=2) is the coefficient of £ inthe expansion of Gx(t). !

use Binomial Expansion:

Gx@¢)= z—"-;(...+(§)(2&)z-'...)

coeff: L xlox4 =40
43

243
z2)-40_ A7

2
For X=aYtb, Gy(t)z t°Gy(t*)
Wz2X+3
Guwlt)= £3 Gy (t?) )Subsﬁtute the pgf and the 4
L%ﬂﬂiﬂ‘_ K we found
AY

P 6 6 7 9 9 A 0 1 8 2 4
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2)

2)
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(6)
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Question 6 continued

(d) For U=X+Y = Gy()= Oxt)* Gy(t)
— Substitwle:

T
24 x t(1+2t) M1

_t(eat)?
218} .

(e) For PGHFe.
E(N)= Gy(1)

, ]

Var(x)= Gy (1) + Gy - [Gx(n)

Qult): tl2p?

2183 _
6 [ 3}
GL(H)= Ft(1+2t)" v 2 L (1428) diuemnh'ale and use chain rule. and ptodmtnmln
218% T 8%
= [Ht(1a20) 6, (f428) e
2181 8%
558 i..(uv) = uv' +uy
S ¢
i GaN=113" @ _ 1k ‘
YT sr Tam 3
:* : S 3 3
i Byt = Sx14tlenT k2 1gl1eae)’ (42 @9 again: differentiole and use chain rale. and produck yuie
{?;g;&" : 218 T8y 2H
£ 163000 1431 (2
SBE (SADE _‘,lﬂn +3) -2 Ay
282 2183 218%
= +6.0) - [G4W)

19
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 14 marks)
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7. A manufacturer has a machine that produces lollipop sticks.
The length of a lollipop stick produced by the machine is normally distributed with
unknown mean u and standard deviation 0.2

Farhan believes that the machine is not working properly and the mean length of the
lollipop sticks has decreased.
He takes a random sample of size n to test, at the 1% level of significance, the hypotheses

Hy:u=15 H:u<15

(a) Write down the size of this test.

(1)
Given that the actual value of  is 14.9
(b) (1) calculate the minimum value of #n such that the probability of a Type II error is
less than 0.05
Show your working clearly.
(6)

(i) Farhan uses the same sample size, n, but now carries out the test at a 5% level of
significance. Without doing any further calculations, state how this would affect
the probability of a Type II error.

1)
(a) is the of <. P(4alling in critical reqion)
Since Distrbubion & continuous, that's equal to the sigmgicance levet
~.Size=0.01
(b)i. is the probability of . (Ho is jalse bur we accept it)

Let’s sy the critical region is  L<k.
C~N( 15 027
\[)
to Standard N
K=1S _ InyN(0.00 with p=0, g1 —> k=I5 - _3 32¢3
0z o2

yn Jn
Make k the : k=15 -""‘% Xo standard Normal:
- (T - k-14.9
P(Type )= PCL>k lu.'\q.ﬂ’.o.qs = =2 Wy N(095)
falling outside the CR va

Substitute our K from aboue:
- 0.96
(15- 222)-19 5 ) ga49
o2
3
Make n the sub

0.) - ©-46526 S 0.32898

NN W
0.0 >0.29424

Jn > 19424 2 n=64

P 6 6 7 9 9 A 0 2 2 2 4
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Question 7 continued

ii. Probalnlity of Type IL error will increase. &)
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Question 7 continued

(Total for Question 7 is 8 marks)

TOTAL FOR PAPER IS 75 MARKS
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